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Abstract 
Parametric studies were conducted using a recent computational glass model to assess its ability to replicate the rate and extent of damage 
resulting from ballistic impact of borosilicate glass.  Penetration and the position of the failure front were determined as a function of time 
in experiments using long and short rods at approximately 2100 m/s.  Simulations were conducted of the experiments and the results 
compared to the experiments.  Parametric studies examined the effects of very slight changes in the initial impact velocity, time-
dependent failure, the inclusion of the third deviatoric stress invariant (J3), mesh resolution, and changes in the strength of intact glass.  
Results are compared and contrasted, and conclusions drawn on the effect of model parameters in simulating results of the impact 
experiments. 
© 2012 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of the Hypervelocity Impact Society. 
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1. Introduction 
A computational constitutive model, applicable to high pressures, large strains, and high strain rates and temperatures, 
has been developed for glass [1].  The model has an intact strength and a failed strength that are dependent on the pressure 
and the strain rate, damage softening or time-dependent softening that transitions the strength from intact to failed, thermal 
softening, a constant or variable shear modulus, the effect of the third invariant, a pressure-volume relationship that includes 
permanent densification and bulking, and damage that is accumulated from inelastic strain, pressure and strain rate.  The 
intact strength is also dependent on the location of the material (whether it is in the interior, on the surface, or adjacent to 
failed material).  It has been demonstrated that the glass model replicates the results of a number of experiments [1], but 
very little has been done to investigate the magnitude and propagation of damage, an important phenomenon when 
considering multiple impacts. 
A series of impact experiments, using a long gold (Au) rod into a borosilicate glass, has been conducted [2]; 
subsequently, experiments were conducted with short gold rods [3-4].  Impact velocities ranged from 0.5 km/s to 
approximately 3.0 km/s.  The positions of the failure front (inferred from target opacity) and penetration front as a function 
of time were measured from high-speed optical photography and X-ray shadowgraphs, respectively.  From the position-time 
data, estimates of the failure front velocity, VF, and penetration velocity, u, were determined as a function of impact 
velocity.  In addition to the experiments using gold rods, another set of ballistic impact experiments was conducted using 
very hard steel projectiles against relatively thin borosilicate glass targets [5].  These experiments showed that the resistance 
of the glass was size dependent. 
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The following observations summarize some of the major results of the experiments [2-4]:  1) a failure front (FF) 
precedes the penetration front; 2) the FF velocity VF is a function of impact (penetration) velocity; 3) experiments with short 
rods show that the FF arrests after the completion of penetration; 4) it appears that VF/u asymptotes to 1.0 at sufficiently 
high impact velocities and 5) the FF is re-established and propagates at the same velocity with the impact of a second rod.  
The experiments discussed in Ref. [5] showed glass can erode a very hard steel projectile at relatively low impact velocities 
(500-1000 m/s), and that the results are consistent with an interpretation that glass damage is time dependent. 
Although the glass model has produced computed results that are in good agreement with several experiments including 
plate impact, penetration, perforation, interface defeat, and scale effects [1], it has not been used to investigate some of the 
other experimental observations such as the failure front.  It also did not reproduce the magnitude of projectile erosion 
observed in the thin glass target experiments.  The objective of this paper is to investigate if the computational glass model 
can replicate the propagation of damage/failure observed in the Au glass impact experiments at hypervelocities. 
2. Summary of the Experiments 
Two experiments were selected from the series of experiments described in Refs. [2-3].  A brief summary of the 
experiments is provided here; more detail is provided in Refs. [2-3].  The borosilicate glass targets were cylinders with 
diameter of 20 mm and a length of 35 mm or 60 mm.  The specific borosilicate glass used was Borofloat®33, produced by 
E) for the glass is 65 ) is 0.20, and the density ( ) is 2.23 g/cm3. The 
longitudinal and transverse wave speeds are 5.69 km/s and 3.48 km/s, respectively.  The Hugoniot Elastic Limit (HEL), as 
determined by Bourne et al. [6], is 8 GPa; Alexander et al. [7], determined a similar value of 8.7 GPa. 
             Table 1.  Results of the Reverse Ballistic Experiments 











10585 2328 70.23 1.0 1497 846 2110 
10849 2066 6.83 1.0 1332 719 1968 
10864 2015 11.39 1.0 1330 680 2200 
 
The depth of penetration (P) was measured from the flash X-ray images and plotted versus times (t).  Figure 1(a) presents 
a linear regression analysis to determine the P-t response, which is remarkably linear; the slope is the penetration velocity, 
u, which is consequently constant.  The (0,0) point is not used in the regression analysis because of the observation that the 
penetration resistance can be very high at early times [8-10].  The triangles denote the position of the FF.  Linear regression 
is used to determine the PFF-t slope, which is the speed at which the FF is propagating, i.e., 2110 m/s. 
The P-t response for a short-rod experiment is shown in Fig. 1(b) with the solid square symbols.  Simple hydrodynamic 
theory is used to calculate the point of total rod erosion and the corresponding depth of penetration [3], which is denoted in 
the figure.  The open symbols in Fig. 1(b) are for Expt. 10849, which had a 6.3-mm-long rod.  Experiment 10864, which 
used an 11.3-mm-long rod, was conducted at almost the same impact velocity as Expt. 10849.  Therefore, data from Expt. 
10864 (the solid symbols) was used to supplement the data for Expt. 10849.  The shorter rod experiment was used for 
simulations because of the less demand on computational resources, particularly CPU time.  The FF propagates at a 
nominally constant velocity of 2200 m/s for this experiment.  The rod is fully consumed and penetration ceases at 
 
3. Summary of the Glass Model 
All the computed results presented in the following section use a glass model developed by Holmquist and Johnson [1].  
A summary of the model is presented in Fig. 2.  The model has three components; one to describe the strength, one to 
describe damage, and one to describe the pressure-volume behavior.  Although the model is similar to a previously 
developed model for brittle materials by Johnson, Holmquist and Beissel (JHB model) [11], there are many differences. 
This new glass model has an intact strength that is dependent on whether the material is located in the interior, on the 
surface, or adjacent to failed material.  This allows for high interior strength and for different surface conditions to be 
accommodated.  There is also a failed strength which represents the strength of the material that is fully damaged (D = 1.0).  
Thermal softening, damage softening, time-dependent softening, and the effect of the third invariant are also included.  The 
shear modulus can be constant or variable, and the pressure-volume relationship includes permanent densification and 
bulking. 
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Fig. 1.  Failure front (FF) and penetration versus time for Expts. 10585 and 10849.
Fig. 2.  Description of the glass model.
The following computed results use the new glass model and constants for borosilicate glass estimated from experiments
described in the literature [1].  For some of the computations the constants are modified and these are noted.  The 
computations use the 2011 version of the EPIC code, and include the conversion of the highly distorted finite elements into
meshless particles.
4. Simulation Results
The geometry of the problem is cylindrically axisymmetric and it is possible to perform the computations in two 
dimensions.  However, an objective is to examine damage/fracture; therefore, all simulations were conducted in 3-D half-
symmetry where radial cracks can occur.  For relatively low-velocity glass perforation problems, 2-D computed results 
indicate numerical convergence when 12 crossed-triangles are used across the projectile radius, which correlates to
approximately 8 symmetric bricks (24 tetrahedral elements in a brick) across the projectile radius in 3-D.  However, for the
problems under examination here, run times would have been prohibitively long using 8 symmetric bricks across the
projectile radius.  To keep simulation times reasonable (several days per simulation), 2 symmetric bricks were used across
the projectile radius (baseline).  Typically, in penetration problems, the mesh is designed to increase in size as the distance
Time ( )s
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PFF = 2.110t + 1.098
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PFF = 2.200t + 1.253
P = 1.332t + 0.126
Test 10864
Lrod = 11.39 mm
vp = 2.015 km/s
Test 10849
Lrod = 6.83 mm
vp = 2.066 km/s
Point of total rod erosion
(a) Expt. 10585 (b) Expt. 10849
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from the interaction (penetration) zone increases.  However, to resolve crack/damage propagation more accurately, the 
aspect ratio (element size) remained the same throughout the entire target.  It is acknowledged that the results may change 
with higher resolution (particularly the number of cracks), but it is believed that the trends will not change as the mesh is 
refined. 
Table 2 summarizes the simulations that were conducted (the run numbers denote a chronological order in which the 
simulations were conducted, and not necessarily in the order in which the results are discussed; additionally, table entries 
are recorded only for calculations discussed in the article).  The baseline simulation is of Expt. 10585, the long, gold rod 
experiment at 2328 m/s.  Figure 3 (left
are readily apparent (damage equal to 1.0, i.e., D = 1.0).  An interior view of the glass that has D = 1.0 is shown in Fig. 3 
(right).  (It is noted that damage generally goes from 0 to 1.0 over the thickness of one symmetric brick, i.e., 0.25 mm for 
the baseline mesh resolution.)  A two-dimensional view (looking through the target), Fig. 4, taken at times corresponding to 
the Imacon camera, shows the material with D = 1.0.  The leading edge of this damage is taken as the position of the FF 
(that is, it is assumed that light cannot be transmitted through that portion of the target that is damaged) and is plotted versus 
time in Fig. 5.  Similarly, the position of the penetration front (the rod-target interface) is also plotted versus time in Fig. 5.  
The results of two additional simulations are plotted in Fig. 5.  It was shown by Beissel and Holmquist [12], that the crack 
pattern changed considerably with slight changes in the initial conditions.  This is the result of model formulation (large loss 
in strength when failure occurs) and numerical round-off.  However, as shown in Fig. 5, the positions of the FF and the 
penetration front are relatively insensitive to small changes in the initial impact velocity (Runs 4 and 5).  An average of the 
three computations (Runs 1, 4, and 5) is used for comparisons with the parametric study of the glass model. 
 
             Table 2.  Simulation Matrix 




 J3fact Mesh Comment 
1 10585 70 2328 0 0  Baseline 
2 10585 70 2328 0.4 0  Time to fail 
3 10585 70 2328 0 0.5  J3 sensitivity 
4 10585 70 2328.0001 0 0  Sensitivity to Vp 
5 10585 70 2328.0002 0 0  Sensitivity to Vp 
6 10585 70 2328 0 0 Coarse Mesh sensitivity 
7 10849 6.83 2066 0 0  Baseline 
8 10849 6.83 2066 0 0.5  J3 sensitivity 
11 10849 6.83 2066 0 0 Coarse Mesh sensitivity 
20 10849 6.83 2066.0001 0 0.5  J3 and Vp sensitivity 
21 10849 6.83 2066 0 0  Strength sensitivity 
27 10849 6.83 2066 0 0.5  Strength sensitivity 
The next simulations examined the effect of time-dependent failure (Run 2), mesh sensitivity (Run 6), and the third 
invariant, J3 (Run 3).  The time-dependent failure option gradually reduces the strength (linearly with time), once D = 1.0, 
over a specified time, tfail  (estimated from failure data reported by Simha and Gupta [13] and 
Sundaram [14]).  It is seen in Fig. 6 that although the depth of penetration is not greatly affected by time-dependent failure, 
the extent of damage, i.e., the FF, is considerably less than for the baseline.  Thus, time-dependent failure suppresses 
damage and crack growth. 
Although computationally challenging to increase mesh resolution for this problem, it is computationally efficient to 
decrease mesh resolution.  The coarse mesh has one symmetric brick element across the radius of the projectile, and 
similarly sized elements throughout the target.  Penetration depth is slightly underpredicted, and as already indicated, the 
extent of damage is less as the mesh becomes coarser, as shown in Fig. 7.  It has been observed by the authors, and others 
[12], that as the mesh is refined, the number of cracks increase significantly, but the volume of the cracks (failed material) 
remains approximately the same.  This observation is consistent with the results of this work.  For the long-rod, high-
velocity simulation, the baseline mesh (Run 1) resulted in 12% failed target material (as a percentage of total target 
volume); the coarse mesh (Run 6) produced 11%.  The results for the short-rod, high-velocity simulation were similar.  
There was 7% failed target material for the baseline mesh (Run 7), and 6% failed target material for the coarse mesh (Run 
11).  If the coarse mesh produced the same crack pattern (same number and length of cracks) as the baseline mesh, the 
coarse mesh would have four times the volume of failed material. 
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Fig. 3.  Damage (D
Fig. 4.  Damage (D = 1.0) along geometric axis of symmetry at various times after impact.
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tfail FF (Run 2)
Test 10585
Lrod = 70.2 mm
Vp = 2.328 km/s
Fig. 5.  Results of baseline simulation and sensitivity to very small
changes in the initial impact velocity.
Fig. 6.  Sensitivity to tfail.
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Coarse Mesh (Run 6)
Test 10585
Lrod = 70.2 mm
Vp = 2.328 km/s
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Lrod = 11.39 mm
Vp = 2.015 km/s
Test 10849
Lrod = 6.83 mm
Vp = 2.066 km/s
J3 (Run 8)
Baseline (Run 7)
Fig. 7.  Sensitivity to mesh resolution and sensitivity to J3. Fig. 8.  Simulations of the high velocity, short-rod experiment.
The strength of the tensile meridian is reduced by a dimensionless constant J3fact times the strength in the compressive
meridian, where 0.5 < J3fact < 1.0 [1].  Setting J3fact to 0.5 reduces the strength of the tensile meridian to one-half that of the
compressive meridian.  The inclusion of the J3 provided essentially the same penetration-time response as the baseline, as
shown in Fig. 7. J3 result gives a 
slightly greater extent of damage.  The slight increase in the rate of the propagation of the FF for the J3 result seems to 
coincide with failure reaching the lateral boundaries of the glass cylinder.
The next set of simulations examined Expt. 10849, the short rod impact at 2066 m/s.  The baseline simulation, the dashed
line in Fig. 8, replicates the penetration depth versus time quite well.  The baseline model underpredicts the position of the
t =
whereas, the FF in the experiment 
in Fig. 9 at t = 18
Not shown are the results for the coarse mesh (Run 11) since the conclusions are the same as for Fig. 7; i.e., the coarse
mesh greatly underpredicts the extent of damage, and slightly underpredicts the depth of penetration.
The simulation with J3 is rather interesting.  As shown in Fig. 8, penetration is greatly overpredicted.  The extent of 
Fig. 9.  Baseline simulation for Expt. 10849 showing damage at t
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Fig. 10.  Penetrator material flows into a crack that forms underneath the penetrating rod (Run 8).
10.  The rod is consumed at 
~9.5 debris enters the crack and continues to create more failed glass, as shown at 13 0. 
This results in anonymously large penetration, along with further propagation of the damage front, shown in Fig. 8.  This
behavior (projectile debris continuing down cracked material) has been observed in a few experiments [15].
The crack pattern can change considerably with very slight changes in the initial impact conditions [12], therefore, the J3
problem was rerun with a very slight change in the impact velocity (2066.0001 m/s).  It is shown in Fig. 11 that the P-t
response is in relatively good agreement with the experimental data, overpredicting the final depth of penetration by 2 mm. 
The penetration depth is in better agreement because projectile debris does not continue down a crack.  The failure front for 
this modified J3 simulation arrests because penetration arrests (compare Figs. 8 and 11).  The extent of damage extends
approximately 6 mm further for this modified J3 simulation than for the baseline, but it is still less than that of the
experiment.
Simulations at low impact velocities (~1000 m/s) show that the model is too strong in this lower velocity regime [16].
There are several features of the model that can contribute to increased resistance: the three intact strengths, the failed 
strength, strain rate, damage accumulation, and the transition from intact to failed glass.  Here, because there is
characterization data that can be used to estimate their magnitudes at zero pressure, we only consider the effects of two of 
the intact strengths:  the surface strength and the strength next to failed material.
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Fig. 11.  Effect of slight variation in initial impact velocity on J3
simulation.
Fig. 12.  Effect of reduction in zero-pressure strength 
for high-velocity experiment.
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Characterization experiments were conducted to determine the compressive strength as a function of confining pressure 
for borosilicate glass [17].  The results were interpreted in terms of the Drucker-Prager pressure-dependent constitutive 
model.  An observation is the slope of the Drucker-Prager model seems to be independent of the amount of damage (for a 
specific material), but that the zero-pressure intercepts decreases as damage increases.  Therefore, using the data in Ref. [17] 
as a guide, the strengths of glass on the surface and that of material next to failed material were decreased. 
The logic is as follows.  The original constants used in the model [1] estimated the interior strength from spall data [18] 
and the reference strength from experiments conducted by Nie et al. [19].  The surface strength was taken as an average of 
the interior strength and reference strength; when this value is extrapolated to the zero pressure intercept, the value is 
1.71 GPa (see Table 3).  The pressure-dependent intact strength of unconfined borosilicate glass from Ref. [17], 
extrapolated to the zero-pressure intercept (1.4 GPa), was used to provide a new estimate of the surface strength (the 
-  column of Table 3).  The reference strength was changed from 0.41 GPa to 0.14 GPa, based on Table II of 
Ref. [17]. 
                      Table 3.  Zero-Pressure Strengths for Parametric Study 





Interior Strength 2.61 2.61 2.61 
Surface Strength 1.71 1.4 1.4 
Reference Strength 
(adjacent to failed material) 
0.41 0.14 0.28 
Run # 7 21 27 
A simulation was performed to investigate the effect of the revised strength values (only the short-rod experiment was 
investigated).  Figure 12 presents the computed results.  The reduction in the surface strength and reference strengths have a 
large effect on both penetration and the propagation of damage.  The high velocity results produce penetration and damage 
propagation that are approximately 30% higher than the baseline. 
It was clear that at least one of the two revised strength values was too low.  In Ref. [17], experimental results were 
determined for predamaged and cyclic damaged material.  As already mentioned, the slope of the Drucker-Prager model 
seems to be independent of the amount of damage, but the zero-pressure intercept decreases as damage increases.  It was 
reasoned that the reference strength (strength of glass next to damaged material) should perhaps be an average of the 
predamaged material and that of cyclic -
Table 3.  Additionally, based on results with and without J3, it was determined that the effects of J3 should be included (the 
failure front positions are underpredicted without J3).  The results are shown in Fig. 12, Run 27.  Penetration is reasonably 
predicted and there is better agreement with the position of the failure front, although the failure front arrests too soon as 
compared to the experimental data. 
5. Conclusions 
The response of glass to ballistic impact is complex.  To produce accurate computed results requires:  accurate and robust 
numerical algorithms, an accurate material model formulation, accurate material model constants, and a mesh resolution that 
produces a converged solution.  These multiple and varied factors complicate the determination of an accurate constitutive 
model with material constants.  Nevertheless, the parametric studies conducted here effects of very slight changes in the 
initial impact velocity, time-dependent failure, the inclusion of the third deviatoric stress invariant (J3), mesh resolution, and 
changes in the strength of intact glass provide considerable insight into the mechanics of the model. 
The simulated results were compared to experimental data from high-velocity glass impact experiments using long and 
short gold rods.  The two metrics for comparisons were penetration versus time and the position of the failure front versus 
time.  The failure front in the experiments was defined by the opacity of transmitted light, i.e., darkened glass was 
interpreted as being damaged.  Therefore, the extent of damaged glass in the simulations was then interpreted as the position 
of the failure front. 
A baseline simulation was defined that used the same set of parameters used in Ref. [1] (except with time-dependent 
failure turned off).  The baseline simulation results are in good agreement with the high-velocity, long-rod experiment; and 
in reasonable agreement with the high-velocity, short-rod experiment, although the failure front stops sooner than in the 
t 
appear in the simulations are damaged material, and not cracks in the sense of propagating according to a Griffith criterion.  
Time-
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damaged reached 1.0) suppressed damage and crack formation.  The penetration-time response changed slightly with time-
dependent damage, but the extent of damage was considerably underpredicted. 
In general, the simulated results (penetration and position of the failure front versus time) are not sensitive to very small 
changes in the initial impact conditions (e.g., the impact velocity).  However, the computed crack/damage pattern can 
change considerably with a small change in the initial impact conditions; and if a crack forms under the penetrator, then the 
results can be quite sensitive to a very small change in the impact velocity.  It is unknown if this sensitivity might disappear 
with refined mesh resolution. 
As the mesh is refined the number of cracks increase significantly, but the amount of failed material is similar.  This is 
probably due to energy considerations (a larger element requires more energy to fail).  The coarse mesh underpredicts the 
extent of damage.  It is unknown how simulation results will compare for increased mesh resolution; unfortunately, the 
extensive CPU time required to examine finer mesh resolution precluded such simulations. 
In general, there was better agreement between simulations and experiments when the third invariant of the deviatoric 
stress tensor (J3) was invoked.  Penetration versus time did not change appreciably; however, the computed failure front 
velocity was in better agreement with the data.  This is gratifying since it is known that the strength and failure of glass is 
dependent on J3 [17]. 
Strength is particularly important at lower impact velocities [16], partly because at low impact velocities, strength 
dominates inertial effects; whereas at higher impact velocities, inertial (density) effects become more important (for 
example, see Ref. [20]).  The computed results were very sensitive to changes in the surface strength and the reference 
(intact glass material next to failed material) strength.  Certainly satisfying is that the adjustments to the strengths were 
based on experimental characterization data [17] in contrast to ad hoc assumptions. 
There are many uncertainties with the published model constants since many had to be estimated.  It is necessary to 
examine the effects of using a finer mesh.  It seems clear that time-dependent failure (relaxing the strength over a specified 
time interval once damage has been initiated) does not replicate accurately the mechanics of glass damage.  Also, these 
simulations have demonstrated that the inclusion of J3 provides better agreement with damage rate and extent of damage.  A 
possibility exists that computed results could be in good agreement with the test data, by further adjustments of the strength.  
It is apparent that more work needs to be done, but we feel that this is a good start. 
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